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We consider the Hubbard chain in a magnetic field and chemical potential. We 



. introduce a pseudohole basis where all states are generated from a single reference 

vacuum. This allows the evaluation for all sectors of Hamiltonian symmetry of the 
. model of the expression of the a electron and hole operators at Fermi momentum 

ON . ±&f<t and vanishing excitation energy in terms of pseudohole operators. In all sectors 



and to leading order in the excitation energy the electron and hole are constituted 



a. 

. by one c pseudohole, one s pseudohole, and one topological momenton. These three 

c : 

quantum objects are confined in the electron or hole and cannot be separated. We 



find that the set of different pseudohole types which in pairs constitute the two elec- 
trons and two holes associated with the transitions from the (iVj,iV|) ground state 
to the (iV T + 1, Ni), (iV t , Ni + 1) and (iV T - 1, iVj_), (JV T , iVj, - 1) ground states, respec- 
tively, transform in the representation of the symmetry group of the Hamiltonian 
in the initial-ground-state sector of parameter space. We also find the pseudohole 
generators for the half-filling holon and zero-magnetic-field spinon. The pseudohole 
basis introduced in this paper is the only suitable for the extension of the present 
type of operator description to the whole Hilbert space. 
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I. INTRODUCTION 



In contrast to three-dimensional Fermi liquids [0,0, the low-energy excitations of one- 
dimensional many-electron quantum problems are at zero magnetic field characterized by a 
charge - spin separation This can be interpretated in terms of holon and spinon modes 

||. On the other hand, at finite magnetic fields the charge and spin separation is replaced 
by a more exotic c and s separation J7J. Here c and s refer to orthogonal small- momentum 
and low-energy modes which couple both to the charge and spin channels. 

In the case of many-particle problems solvable by Bethe ansatz (BA) |^,[],[nj the low- 
energy spectrum can be studied explicitly. The BA solution of the Hubbard chain |Tl]| at 
zero magnetic field and chemical potential has allowed the identification and study of the 
holon and spinon excitations and corresponding symmetry transformations |T2| . (The spinon 
excitations of the Hubbard chain are similar to the corresponding spinon excitations of the 



spin 1/2-isotropic Heisenberg chain |13|.) However, the exact expression of the electron op- 
erator in terms of holon and spinon operators remains an open problem of some complexity. 
Its solution requires an operator representation for the generators of the holon and spinon 
excitations. Even if such operator representation is obtained, a second problem is expressing 
these generators in terms of electronic operators. Moreover, the relation between Hamilto- 
nian symmetry and the transformation of the elementary excitations has not been studied 
for finite magnetic fields or (and) densities away of half filling. In this case the holon and 
spinon picture breaks down, as we show in this article. 

For the general case of the Hubbard chain at finite magnetic field and chemical potential 
both the non-lowest-weight states (non-LWS's) and non-highest weight states (non-HWS's) 



of the eta-spin and spin algebras have energy gaps relative to the cor- 

responding canonical-ensemble ground state p0| . The LWS's and HWS's of these algebras 
can be classified into two types, the states I (or LWS's I and HWS's I) and the states II (or 
LWS's II and HWS's II). While the Hamiltonian eigenstates I are described only by real BA 
rapidities, all or some of the rapidities associated with the eigenstates II are complex and 
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non real. Since for finite magnetic field and chemical potential the states II have energy gaps 
relative to the corresponding canonical-ensemble ground state, in that case the low-energy 
physics is exclusively determined by the states I 



The pseudoparticle perturbation theory introduced in Refs. [21,22,B3,B1,EH] and devel- 



oped in a suitable operator basis in Refs. J7|, |26| , |27 , |2B| refers to the Hilbert subspace spanned 
by the Hamiltonian eigenstates I. Rather than holons and spinons, at finite values of the 
magnetic field and chemical potential and at constant electronic numbers the low-energy 
excitations I are described by pseudoparticle-pseudohole processes relative to the canonical- 
ensemble ground state. The latter state, as well as all excited states I with the same electron 
numbers, are simple Slater determinants of pseudoparticle levels |7| j20|j26|j27|j28|| . 

One of the goals of this paper is introducing an alternative pseudohole representation 
which generates both the LWS's I and the HWS's I from the same reference vacuum. Im- 
portantly, it will be shown elsewhere that all Hamiltonian eigenstates can be generated from 
the new pseudohole vacuum. In the case of the states I the present pseudohole picture is 
alternative to the pseudoparticle description. However, for the extension of our description 
to the whole Hilbert space the pseudohole picture is far more suitable. The description of 
the one-dimensional quantum problem in terms of forward-scattering-interacting pseudopar- 
ticles was introduced in Ref. |2l| for contact-interaction soluble problems. Shortly after, the 



same kind of ideas were applied to l/r 2 -interaction integrable models p9|^0| . In the case 
of electronic models as the Hubbard chain such description is very similar to Fermi-liquid 
theory, except for two main differences: (i) the f and j quasiparticles are replaced by the c 
and s pseudoparticles and (ii) the discrete pseudoparticle momentum (pseudomomentum) is 
of the usual form qj = jj-If but the numbers Jj* are not always integers. They are integers 
or half-integers depending on whether the number of f or 1 electrons in the system is even 



or odd. This plays a central role in the ground-state - ground-state transitions we 
study in Sec. III. The c and s pseudoparticles are non-interacting at the small-momentum 
and low-energy fixed point and the energy spectrum is described in terms of their bands. 
At higher energies and (or ) large momenta the pseudoparticles start to interact via zero- 



momentum transfer forward-scattering processes. As in a Fermi liquid, these are associated 
with / functions. 

On the other hand, the transitions between states I differing by odd electron numbers 
have a topological character. This follows from the changes from integers (or half integers) 
to half integers (or integers) of the pseudoparticle quantum numbers Ij*. Such topological 
excitations involve a global shift of the corresponding pseudo-Fermi sea [|7|,|3l| combined with 
a process of removing (adding) or adding (removing) pseudoparticles (pseudoholes) . 

In general, all excitations involving states I can be decoupled into two types of transitions: 
(a) a topological ground-state - ground-state transition which changes the pseudoparticle 
(and electron) numbers and involves pseudo-Fermi sea global shifts, which we call topological 
momentous] and (b) a pseudoparticle - pseudohole excitation relative to the final ground 
state. In Ref. |31| it was shown that the generators of the transitions (a) are a quasiparticles 
or quasiholes. Except for a vanishing renormalization factor, these entities are low-energy 
electrons or holes, respectively. The presence of such factor implies that in the limit of 
vanishing excitation energy there is a singular relation between these quasiparticles (quasi- 
holes) and the electrons (holes). By expressing these quasiparticles or quasiholes in terms 
of pseudparticle operators one can then find the pseudoparticle contents of the electron or 
hole. 

In this paper we introduce a pseudohole description which allows the generalization of 



the results of Ref. |31[ concerning the electron - quasiparticle transformation to all sectors 
of symmetry of the Hubbard chain in a magnetic field and chemical potential ||32|| . Only this 
description is suitable for the study of the interplay between Hamiltonian symmetry and 
the transformation laws of the elementary excitations which constitute the electrons and 
holes of vanishing excitation energy. In contrast to the low-energy excitations at constant 
electron numbers, which at zero magnetic field and (or ) chemical potential can be states 
II or non-LWS's and non-HWS's, all ground states are states I p0| . This is also valid for 
canonical ensembles corresponding to zero magnetic field and (or ) chemical potential where 
the symmetry of the quantum problem is higher. Therefore, all ground-state - ground-state 



transitions can be described in terms of c and s pseudoparticles or pseudoholes. 

In the case of integrable models of simple Abelian U(l) symmetry the elementary exci- 
tations are generated by a single type of pseudoparticles (pseudoholes ) |33[]. On the other 
hand, in the present case of the Hubbard chain we have shown |2(| that in each of the 
four sectors of Hamiltonian symmetry U(l) ® U(l) there is one branch of c pseudoparticles 
and one branch of s pseudoparticles which describe the low-energy physics. In terms of 
pseudoholes the description of the states I involves four branches of a, (3 pseudoholes, where 
a = c,s and j3 = ±|, as we discuss in future sections. In the present case of LWS's I and 
(or) HWS's I we have that (3 = sgn(rj z )^ for a = c and (3 = sgn(S z )\ for a — s. Therefore, 
in each (I, I') = (sgn(r] z )l, sgn(S z )l) sector of Hamiltonian symmetry U(l) <8> U(l) [^0| only 
the c, | and s, | pseudohole branches are involved in the description of the corresponding 
states I. 

We express the low-energy a electron and hole of momentum ±/cp CT in terms of pseudo- 
holes for the nine sectors of Hamiltonian symmetry of the quantum problem. In all sectors 
both the electron and the hole are constituted by one topological momenton, one c pseu- 
dohole, and one s pseudohole which cannot be disassociated and are confined within the 
electron or hole. In the very particular limit of half filling and zero magnetic field we recover 
the holon and spinon picture and the associate symmetry transformation laws already found 
in Ref. [0. In addition, we were able to find the operator generators of the holon and spinon 
excitations. The electron and hole contains one anti holon and holon, respectively, and one 
spinon. For instance, we find that the half-filling (77 = 1/2; S = 0; f] z = —1/2; S z = 0) holon 
[and the (77 = 1/2; S = 0;r] z = 1/2; S z = 0) anti holon] [0 of lowest energy is constituted 
by one c topological momenton and one c, — \ pseudohole [and one c, | pseudohole]. The 
zero-magnetization (77 = 0; S = 1/2; r) z = 0;S Z = —1/2) spinon of lowest energy [and the 
(77 = 0; S — 1/2; T) x = 0; S z = 1/2) spinon] |[2] is identified with one s, \ pseudohole [with 
one s, — 2 pseudohole]. 

We also generalize the relation between the transformation laws of the elementary ex- 
citations and the symmetry of the Hamiltonian to all sectors of parameter space. We find 
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that the set of different pseudohole types which constitute the a electron and hole, ie which 
generate from the (N h N{) ground state the (JV T + 1, N±), (N h N± + 1), and (JV T - 1, N{), and 
(iVf,iV| — 1) ground states, respectively, transform in the representation of the symmetry 
group of the Hamiltonian in the initial-ground-state sector of parameter space. Our results 
also reveal that the occurence in the Hubbard chain of r\ pairing IjnLITH] at momentum ±7r 



is a necessary condition for ground states differing in the number of a electrons by one to 
have as relative momentum the Fermi momentum kp a or —kp a . 

In Section II we introduce the pseudohole description for the four sectors of parame- 
ter space of Hamiltonian symmetry £7(1) ® U(l) [[^, ^0| , ^ , ^ , ^1 . For the case of ground 



states this description refers to all nine Hamiltonian symmetry sectors. We also introduce 
the pseudohole vacuum which we find to be the SO (A) ground state. In the pseudohole 
representation all ground states and remaining states I are simple Slater determinant of 
pseudohole levels. We also construct the momentum operator and evaluate the momentum 
expression for all ground states of the problem. 

In Sec. Ill we express for all sectors of parameter space the momentum ±kp a electron 
and hole operators in terms of pseudohole operators and topological momenton operators. 
We also show that the usual holons and spinons are particular limits of our pseudohole exci- 
tations and study the interplay between Hamiltonian symmetry and the set of pseudoholes 
which describes the a electrons and holes in each canonical ensemble. 

Finally, in Sec. IV we present the discussion and concluding remarks. 

II. THE PSEUDOHOLE BASIS IN THE FOUR 17(1) ® 17(1) SECTORS 



We consider the Hubbard model 11,23,27,34 in one dimension with a finite chemical 



potential /i and in the presence of a magnetic field H, 

H = H S o(A) + + 2fi HS z , (1) 

where 
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Hso{A) =-t y £ [ c l c J^ + c] +1<T Cja] +Uj2l c n c n ~ l/2][4^l - 1/2] , (2) 



3,<7 

and 



k = -^V."E&], S M = ~^aN a , (3) 



are the diagonal generators of the SU(2) eta-spin and spin algebras, respectively |TBJTE[ . 

In equations (1) — (3) the operator cj CT and Cj a creates and annihilates, respectively, one 
electron of spin projection o {a refers to the spin projections a =f , \ when used as an 
operator or function index and is given by a = ±1 otherwise) at the site j, N a = J2j c }cr c ja 
is the number operator for a spin-projection electrons, and t, U, /i, H, and /i are the 
first-neighbor transfer integral, the onsite Coulomb interaction, the chemical potential, the 
magnetic field, and the Bohr magneton, respectively. 

There are up-spin electrons and iVj_ down-spin electrons in the chain of N a sites and 
with lattice constant a associated with the model (1). We use periodic boundary conditions 
and consider iV a to be even and when N = N a (half filling) both and N± to be odd and 
employ units such that a = t = fi = h = l. When N a is odd the Fermi momenta are given 
by 

kk = ±£- [N. - 1] , (4) 

-< "a 

and when N a is even the Fermi momenta are given by 

k F(T = ^-N a , = __L _ 2 ] , (5) 

-'"a -'"a 

or by 

kk = ^[N,-2], k - Fa = -^N a . (6) 

-'"a -'"a 

Often we can ignore the corrections in the right-hand side (rhs) of Eqs. (4) — (6) and 
consider kp a ~ ±kp a = ±7rn CT and kp = [kp^ + fc.F|]/2 = rm/2, where ?v = N a /N a and 
n = N/N a . The dimensionless onsite interaction is w = U/4t. 
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The two SU{2) algebras - eta spin and spin - have diagonal generators given by Eq. (3) 



and off-diagonal generators [12,18 



v- = E< nv, , v + = EC-^'sVIt . (7) 

and 

5- = E c iT c il , ^+ = E c il c iT , ( 8 ) 

respectively. In the absence of the chemical-potential and magnetic-field terms the Hamil- 
tonian (1) reduces to (2) and has £0(4) = SU(2) ® SU(2)/Z 2 symmetry ||,|l5|,[I|,|I3,|l|,|l| . 
Since N a is even, the operator fj z + S z [see Eq. (3)] has only integer eigenvalues and all 
half-odd integer representations of £7/(2) ® SU{2) are projected out |12| , |l8| . 



For finite values of both the magnetic field and chemical potential the symmetry of the 
quantum problem is reduced to £7(1) <8> U(l), with fj z and £ 2 commuting with H. The 
eigenvalues 7] z and £ 2 determine the different symmetries of the Hamiltonian (1). When 
r/ z 7^ and S z ^ the symmetry is U(l) ® U(l), for r\ z = and £ 2 7^ (and /x = 0) it is 
£77(2) ® C/(l), when r] z ^ and £ 2 = it is 17(1) ® £C7(2), and at r] z = and £ z = (and 
/i = 0) the Hamiltonian symmetry is £0(4). 

There are four £7(1) <8> U(l) sectors of parameter space which correspond to r] z < and 



S z < 0; rj z < and S z > 0; r) z > and £ z < 0; and r/ 2 > and S z > 0. We follow Ref. |20 
and refer these sectors by (I, I') where 

I = sgn(r] z )l ; I' = sgn(S z )l . (9) 

The sectors (—1,-1); (—1,1); (1,-1); and (1,1) refer to electronic densities and spin densi- 
ties < n < 1 and < m < n; < n < 1 and — n <m<0;l<n<2 and < m < (2 — n); 
and 1 < n < 2 and — (2 — n) < m < 0, respectively. 

There are two (V) sectors of SU(2) (g> U(l) Hamiltonian symmetry [and two (I) sectors of 
U(l) <8> SU(2) Hamiltonian symmetry] which correspond to £ 2 < and £ 2 > for I' = —1 
and V — 1, respectively, (and to r\ z < and r/ 2 > for I = — 1 and 1 = 1, respectively). 
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There is one 5*0(4) sector of parameter space [which is constituted only by the r] z = (and 
fj, = 0) and S z — canonical ensemble]. 

In Ref. [^UJ we have considered the BA solution for the model (1) associated with each of 
the four sectors (I, I') of Hamiltonian symmetry U(l) <8> U(l). As we have mentioned above, 
the pseudohole algebra introduced in the present paper is more suitable for the description 
of the non-LWS's and non-HWS's eta-spin and spin multiplets which are not contained in 
the BA solution and whose study will be presented elsewhere [02| . Although for the case 
of the Hilbert subspace spanned by the states I both the pseudoparticle representation of 
Ref. |K| and the present pseudohole description are valid, we use here the latter which also 
simplifies the description of these states which in the pseudohole basis are generated from a 
single reference vacuum. (Instead of four pseudoparticle vacua [pPf] .) 

In the Appendix A we discuss the connection of the present pseudohole description of 
the states I to the one of Ref. |2(J . In that Appendix we also relate the BA equations to the 



pseudohole basis introduced in this section and present the Hamiltonian in that basis which 
includes the pseudohole dispersion relations and / functions. 

The pseudohole description we introduce below and in Appendix A includes four pseu- 
dohole branches which we denote in general by a,/3 pseudoholes. Here a = c, s [|7| f25|f27|f25 



and (3 = ±|. The colors c and s and quantum numbers (3 = ±| which label the four pseu- 
dohole branches also label the Hamiltonian eigenstates I which correspond to different a, (3 
pseudohole distribution occupancies. (About the relation between the a, (3 pseudoholes and 
the (I, I') pseudoparticles of Ref. [^DJ see Appendix A.) 



Both in the case of the present states I and of the associate non-LWS's and non-HWS's 
the a orbitals have N* available pseudomomentum values. In the latter states these 
pseudomomentum values can either be empty (this means occupation by one a pseudopar- 
ticle), single occupied by one a, \ pseudohole, or single occupied by one a, — \ pseudohole. 
This reveals that in the general case we should consider a pseudoparticles and a, [3 pseudo- 
holes but no a, (3 pseudoparticles. Therefore, in order to simplify the future generalization of 
the present results to the whole Hilbert space, we use in this paper the suitable a pseudopar- 
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tide and a, (3 pseudohole description. In contrast to the above non-LWS's and non-HWS's, 
in the case of the states I and (/, /') sectors each of the N* available pseudomomentum values 
can either be empty (this means occupation by one a pseudoparticle) or single occupied by 
one a, (3 pseudohole, where f3 is fixed and given by f3 = ~ for a = c or (3 = \ for a = s. The 
general expressions for N* and number of a pseudoparticles, N a , are 

N* c =N a , N *=l[ Na -2( v -S)}, (10) 

and 

N c = N a -2 V , N s = ^[N a -2( V + S)] , (11) 

respectively. 

The results of Sec. Ill reveal that the existence of four types of a, (3 pseudoholes with 
a = c,s and (3 = ±| is consistent with the Hamiltonian symmetry. Note that because the 
description of a state I of the (I, I') sector involves only two out of these four branches, namely 
the c, (3 = | and s, f3 = ^ pseudoholes, in the associate Hilbert subspace the pseudohole 
quantum number (3 is directly related to and determined by the quantities of Eq. (9). This 
is not however a general property. For instance, in the case of the non-LWS's and non- 
HWS's we will study in Ref. |52| (3 has no direct relation to the numbers of Eq. (9). Also 



the topological transitions of Sec. Ill connect states I belonging to different sectors and 
involve three or four different branches of a, (3 pseudoholes. 

Let us denote the pseudohole creation and annihilation operators by a> qta 8 and a q ,a,/3, 
respectively. They obey the anticommutative algebra 

{ a g,Q,/3? a q',a',f3>} = SqtfSa^Spfi' , (12) 

and 

{ a l,a,f3i a i',a',{3>} = { a q,»,(3, %' ,cx' = ■ ( 13 ) 

As we have mentioned in Sec. I, the discrete pseudomomentum values are 
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2tt 



v^T 1 ?' (14) 

where Jj* are consecutive integers or half integers. There are iV* possible values, the 
number of a pseudomomentum orbitals N* being given in Eq. (10). From the point of view 
of the pseudoholes, a state I is specified by the distribution of N a unoccupied values over 
the N* available values. These unoccupied values correspond to the N a a pseudoparticles, 
the number N a depending on rj and S and being given in Eq. (11). The numbers ij are 
integers (or half integers) for N s even (or odd), and I? are integers (or half integers) for N* 
odd (or even). 

There are N% = N* — N a occupied values, which following Eqs. (10) and (11) are given 

by 

N^ = 2 V , N* = 2S. (15) 

In the general case including both the states I and the corresponding non-LWS's and non- 
HWS's we have that 



N h a = E N£fi, (16) 
&=±\ 

where N^g is the number of a, (3 pseudoholes. In the present case of the states I and (/, /') 
sectors the summation of Eq. (16) simplifies to N% = N^g, with (3 = | for a = c and ft =\ 
for a = s. This selection rule also simplifies operator expressions including (3 summations, 
as we discuss in Appendix A. 

In the four (/, V) sectors the Hamiltonian eigenstates I are simple Slater determinants of 
c, (3 and s, (3 pseudohole levels. As it becomes obvious from Eq. (15), the pseudohole vacuum 
is the SO (4) ground state, which is the only existing state I of the corresponding canonical 
ensemble. On the other hand, ground states of canonical ensembles belonging the two (/') 
sectors of Hamiltonian symmetry SU(2) ® U(l) and the two (/) sectors of Hamiltonian 
symmetry U(l) (g) SU(2) are Slater determinants of only s, ^ and c, | pseudohole levels, 
respectively, and have no c, | and s, | pseudoholes, respectively. 
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One of the advantages of the pseudohole representation for the states I (and its multiplets 
is that while the pseudoparticle Slater determinants of Refs. refer to a differ- 

ent pseudoparticle vacuum in each of the four (I, I') sectors the corresponding pseudohole 
expressions involve a single and unique vacuum which is common to all sectors. This is the 
SO (4) ground state. 

Since the electron and hole studies of Sec. Ill refer to ground-state - ground-state 
transitions, in this section we focus our attention on ground states. In terms of pseudoholes 
the general ground-state expression studied in Ref. |2(J and associated with the (/, I') sector 
of Hamiltonian symmetry U(l) £g> U(l) reads 

gH (+) g(-) g ( + ) 

\0;V*,S z )= ft fl «l c i ft fl a* „|0;0,0), (17) 
q=q i-\=<f£ "%=,(-) ?=? w *' 2 

where I and I 1 are given in Eq. (9) and |0; 0, 0) is the SO(4) /i = and H = ground state. 
The pseudo-Fermi points and corresponding limits of the pseudo-Brillouin zones 
are defined below. It is useful to introduce the pseudohole-Fermi points qj^ such that 

QFa — QFa ± TT ■ 

When N a is odd (or even) and Jj* are integers (or half integers) the pseudohole-Fermi points 
are symmetric and given by 

-< "a 

On the other hand, when N a is odd (or even) and Jj* are half integers (or integers) we have 
that either 

QfI = [N a + 2] , qtt = -^-N a , (20) 

or 

&" = ~FT a Na ' ^ = -^K + 2]. (21) 



The pseudo-Fermi points are defined by combining Eq. (18) with Eqs. (19) — (21). 
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The limits of the pseudo-Brillouin zones involve the number of a-pseudomomentum 
orbitals N*. When N* is odd (or even) and Ij* are integers (or half integers) the limits of 
the pseudo-Brillouin zones are symmetric and given by 

e^-e^^-i]- (22) 

On the other hand, when iV* is odd (or even) and Jj* are half integers (or integers) we have 
either that 

e } = £Ar:, fc) = -JL [N * a -2], (23) 

or 

V = ~^-K. (24) 

For the topological excitations studied in Sec. Ill the terms of order ^- of the rhs of 
Eqs. (19) — (24) play an important role. However, for many quantities these corrections are 
in the thermodynamic limit unimportant and we can consider instead 

QFa = ^ ^ ±#J ^ ±qfa , (25) 

and 

ttN* . , ±) 



N„ 



±C ; • (26) 



In all sectors of Hamiltonian symmetry there are states I. In the particular case of the 
5*0(4) zero-chemical potential and zero- magnetic field canonical ensemble there is only one 
state I. The study of the spectrum for the states II and non-LWS's and non-HWS's multiplets 
reveals that this state I is nothing but the 5*0(4) ground state [^5|. The same applies to the 
sectors of Hamiltonian symmetry SU(2) <g> £7(1) and U(l) <g> 577(2), the ground state being 
always a state I. (In addition, in these sectors there is a large number of excited states I.) 
While the description of the states II requires adding new "heavy" pseudoparticles onto the 



universal 50(4) pseudohole vacuum [[35 1, all states I can be generated from that vacuum by 
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distribution occupancies of a, (3 pseudoholes only. In the case of the two (/') SU(2) <g> U(l) 
sectors the ground state is both a LWS and HWS of the eta-spin algebra. Therefore, it is 
empty of c pseudoholes and reads 



|0;0,S*)= n II al,«'|0;0,0). 



(27) 



In the case of the (/) U(l) <S> SU{2) sector the ground state is both a LWS and a HWS 
of the spin algebra and is empty of s pseudoholes. It reads 



iFc Qc 



|0;^.o)= II II a+ c4 |0;0,0> . 



(28) 



Finally, the r\ = r\ z = (and \i = 0) and S = S z = £0(4) ground state is, at the same 
time, a LWS and HWS of both the eta-spin and spin algebras, ie following the notation of 
Ref. H it is a [LWS,LWS], a [LWS,HWS], a [HWS,LWS], and a [HWS,HWS]. Therefore, it 
is empty of both c and s pseudoholes and is the vacuum of the pseudohole theory. All the 
remaining states I can be described by Slater determinants of a, /3 pseudoholes, as shown in 
Refs. |2yj2^] in terms of pseudoparticles. 

We close this section by constructing the momentum operator for the states I of all 
sectors of parameter space. (This question was not addressed in Ref. ||20|| .) The ±7r re- 
pairing |I^JT5|JT6[1 determines the value for the relative momentum of corresponding eta-spin 
LWSs and HWSs pairs of the same multiplet family (and thus having the same value of if). 
In the two sectors (—1, ±1) we have that < n < 1 and the momentum operator has the 



usual form (pTfl 



<7,<V 



1 — a 



(29) 



For each LWS I of the eta-spin algebra associated with the (—1,/') sector there is one 
and only one HWS I of the eta-spin algebra in the corresponding (1, /') sector which belongs 
to the same tower. That HWS I is generated by acting onto the corresponding LWS I a 
suitable number of times the operator r) + of Eq. (7). This operator has momentum ±7r, ie 
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when it acts once onto a state it generates a new state with momentum ±7r relatively to the 
initial state. 

The fact that the ^-pairing operators (7) have in the present model momentum ±7r 
implies that the relative momentum of the above LWS and HWS is either (a) a reciprocal- 
lattice momentum, G = 2nj with j = 0,±1,±2, or (b) a reciprocal lattice momentum 
plus ±n. The occurence of the cases (a) or (b) depends simply on the parity of the number 
of times needed to act the operator rj + onto the LWS to obtain the corresponding HWS: 
the cases (a) and (b) correspond to an even and odd number of times, respectively. It is 
staightforward to find that when the total electron number N associated with the canonical 
ensemble of the initial LWS (which has the same parity as the electron number of the final 
HWS) is either even or odd we have the case (a) or (b), respectively. Since we choose the 
momentum of the final HWS to belong the first Brillouin zone, this leads to the following 
momentum-operator expressions for the (1, ±1) sectors 



1 — a 1 1 a n . i 



+ £<? 



l-a 



N even , 



(30) 



and 



1 — <r ! a a r i 



i 1 d n a -1- 1 



N odd, 



(31) 



where in equation (31) we choose it or — n depending on which of these values provides 
the momentum P of a given state in the first Brillouin zone. The momentum expressions 
(29) — (31) are valid for the Hilbert subspace spanned by the states I. Since all ground states 
of canonical ensembles belonging the nine sectors of Hamiltonian symmetry of the present 
model are states I, the operator expressions (29) — (31) provide the momenta of all ground 
states. These are always of the form (29), (30), or (31). 

According to the integer or half-integer character of the 7° numbers we have four "topo- 
logical" types of Hilbert subspaces I and corresponding ground states. Since that character 
depends on the parities of the n- and ^-dependent numbers iV* and N s of Eqs. (10) and 
(11), we refer these subspaces by the parities of N* and N s , respectively, as: (A) even, even; 
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(B) even, odd; (C) odd, even; and (D) odd, odd. The ground-state momentum expression 
is different for each type of Hilbert sub space (A)-(D). While the ground states (A)-(C) are 
bi-degenerate, the ground states corresponding to the Hilbert sub space (D) have zero mo- 
mentum and are non-degenerate. In Table I we present the ground-state momentum values 
for the Hilbert sub spaces (A)-(D) in the four (1,1') sectors. 

The SU(2)®U(1) and U(1)®SU(2) ground states (27) and (28), respectively, can belong 
to the Hilbert subspaces (A) and (C) only. These have momenta given in Table I [see (A) 
and (C)]. In the 577(2) ® U(l) case we should use 2kp = 2tt — 2kp = vr in the momentum 
expressions of that Table. Finally, the 5*0(4) ground state refers to the Hilbert subspace 

(C) . Its has zero momentum and is non degenerate. 

As equations (10) — (11) reveal, the eta spin 77, spin 5 and the operators rj z and S z have 
simple expressions in the pseudohole basis. The following expressions are both valid for the 
states I and for the non-LWS's and non-HWS's multiplets of these states [j32| : 



*?=5£*&. S = W^- (32) 
1 P 1 P 

and 

Vz = J2^, & = £/?JVj,. (33) 

P P 

In the Hilbert sub space spanned by the states I and at energies smaller than the gaps for 
the non-LWS's and non-HWS's and for the states II the Hubbard model (1) can be written 
in the a, f3 pseudohole basis. This expression is presented in Appendix A. Its normal- 
ordered expression with respect to the suitable ground state (17), Eqs. (A14)-(A15), has an 
infinite number of terms which correspond to increasing scattering orders. The perturbative 
character of the pseudohole basis [|7|, p7| , p8| implies that at low energies only the two terms of 
lower pseudohole scattering order are relevant. For a detailed study of the present quantum 
problem in the Hilbert subspace spanned by the states I see Refs. p2|p3| , p4| , p7l , p8| which 
consider the usual (—1,-1) sector of Hamiltonian symmetry U(l) ® U(l). 
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III. GROUND-STATE TRANSITIONS AND PSEUDOHOLE SYMMETRIES 



The study of the interplay between the Hamiltonian symmetry and the transformation 
laws of the elementary excitations reveals that symmetry is closely related to the low-energy 
electron and hole pseudohole content. The main aim of this section is thus to relate the 
Hamiltonian symmetry to the transformations of the set of pseudoholes which form the 
electrons and holes in each parameter-space sector. This requires the generalization to all 
sectors of parameter space of the present quantum problem of recent results |TT| for the 
expression of the low-energy electron at the Fermi momentum ifcpu [kp a if we use the 
discrete definition of Eqs. (4), (6)] in terms of pseudoholes. 

The studies of Ref. referred to the (—1,-1) sector and expressed the electron and 
quasiparticle in terms of pseudoparticles. However, only the introduction of our pseudohole 
basis allows the study of the relation of the results of Ref. |3l| to Hamiltonian symmetry. In 
this section we express the a electrons and holes in terms of pseudoholes for all nine sectors of 
parameter space. In the very particular limit of half filling and zero magnetization we recover 
the ho Ion and spinon symmetry results of Ref. |12j. Moreover, in that SO (4) canonical 
ensemble our general operator study solves the problem of expressing the electron (the hole) 
in terms of anti holons and spinons (of holons and spinons). We find that the holons, anti 
holons, and spinons are closely related to limiting cases of our general pseudoholes. 

To leading order in the excitation energy u the a electron operator of momentum i/c^ 
is the product of a a quasiparticle operator of momentum ±kp a and a vanishing renormal- 
ization factor |3l[| . In spite of the singular character of this electron - quasiparticle transfor- 
mation, which justifies the perturbative nature of the quantum problem in the pseudohole 
basis, the renormalization factor is absorbed by the transformation. Therefore, expressing 
the quasiparticle in terms of pseudohole operators provides relevant physical information. 
This reveals that in terms of pseudoholes one electron is a topological excitation constituted 
by one c pseudohole, one s pseudohole, and one large-momentum many-pseudohole topo- 
logical excitation, the topological momenton. These three quantum objects are confined in 
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the electron and cannot be separated. 

Given a ground state with electron numbers (N a , AL CT ), we find in this section that the 
set of all pseudoholes of different type which constitute, in pairs, the f and j electrons and 
| and I holes associated with the ground-state transitions (A^,A^) — > (N^ ± 1, Aj) and 
(JVf,iVj_) — > (jVf,iVj ± 1) transform as the symmetry group of the Hamiltonian (1) in the 
corresponding sector of parameter space. 

The study of the ground-state momentum expressions of the previous section reveals 
that the relative momentum of ground states differing in the number of a electrons by one 
equals the U = Fermi points, ie AP = ±kpa- We define the quasiparticle operator, c' k a , 
which creates one quasiparticle with spin projection a and momentum kp a as |JT] 

N a , AU> = |0; N a + 1, N a ) . (34) 

The quasiparticle operator defines a one-to-one correspondence between the addition of one 
electron to the system and the creation of one quasiparticle. Exactly as is expected from the 
Landau theory in three dimensions, in Appendix B we follow the (—1,-1)- sector study of 
Ref. [3TJ and explain how the electronic excitation cj. JO; N a , A_ CT ), defined at the Fermi 



momentum and small excitation energy u), contains a single quasiparticle. (We measure the 
energy uo from the initial-ground-state chemical potential.) In addition to the electron - 
quasiparticle transformation (Bl), we also consider in that Appendix the hole - quasihole 
transformation [see Eq. (B4)]. In spite of the singular character of these transformations, the 
discussion of Appendix B reveals that one quasiparticle (quasihole) is basically one electron 
(hole). Therefore, we call often below the quasiparticle (quasihole) as electron (hole). 

Let us then study the expression of the a quasiparticle and quasihole operators in the 
pseudohole basis for all sectors of Hamiltonian symmetry. Since we are discussing the prob- 
lem of addition or removal of one particle the boundary conditions play a crucial role |T|,|3~T| . 
When we add or remove one electron from the many-body system we have to consider the 
transitions between states with integer and half- integer quantum numbers I". The transi- 
tion between two ground states differing in the number of electrons by one is then associated 



with two different processes: a backffow in the Hilbert space of the a, j3 pseudoholes with a 
shift of all the pseudo momenta by ±-^- and the creation and (or) annihilation of one pair 
of c and s pseudoholes at the pseudo-Fermi points (or at the limit of the pseudo-Brillouin 
zone for the s pseudohole). 

The backflow associated with a shift of all the pseudomomenta momenta by is 
described by a topological unitary operator such that 

Obviously, the pseudohole vacuum is invariant under this operator, ie 

\/ ± |0;0,0) = |0;0,0). (36) 



Using the same method as Ref. 31], we find 



Vi - V. (t^-J , (37) 
where 

V a (6q) = exp{t5qG h a } , (38) 



and 

" d 



q.3 L 



a q,a,/3 , (39) 



is the Hermitian generator of the ±-^- topological pseudomomentum translation. Adding all 
pseudohole contributions gives a large momentum. This large-momentum excitation induced 
by the operator (37) is the a topological momenton. That operator has the following discrete 
representation 



V a = exp \ - a5±^,a I /? £ W r • ( 4 °) 



Note that in the present case of the Hilbert subspace spanned by the states I of the sector 
(I, I') only the value j3 = | for a = c and the value (3 = ^ for a = s contributes to the (3 
summation of Eqs. (39) and (40), as discussed in Sec. II and Appendix A. 
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In addition to the topological momenton, the quasiparticle or quasihole excitation in- 
cludes creation and (or ) annihilation of pseudoholes. The changes in the pseudohole 
and pseudoparticle numbers and the corresponding changes in the values of rj, r] z , S, 
and S z are given in Tables II and III for the ground-state - ground-state transitions 
(JV T , iVj - (iV T ± 1, iVj and (N h N{) - (JV T , iV A ± 1), respectively. 

We consider below the expressions for the quasiparticles c kjr * and c£ ^ associated with 
the transitions (iV^JV;) -> (iV T + 1,^) and {N h N{) -> (iV T ,iVj. + 1), respectively, and 
the quasiholes c^—.^ and Cfc^uj associated with the transitions (JV^iVj.) — > (ATj — 1, AjJ and 
(N h N x ) -> (iV T , iV x - 1), respectively 

We emphasize that because the initial ground state for the above two quasiparticles and 
two quasiholes is the same, the a quasiparticle and a quasihole momenta differ by ±j^- [see 
Eqs. (4) — (6)]. Therefore, the corresponding quasiparticle and quasihole expressions are not 
related by an adjunt transformation. On the other hand, the operators Cj_ fe and c±k Fa ,a 
associated with the transitions (N a , N_ a ) -> (A^ + 1, AL ff ) and (N a + 1, N_ a ) -> (A^, AL CT ) 
are obviously related by such transformation. In this case the initial (final) ground state of 
the electrons (holes) is the final (initial) ground state of the holes (electrons). Moreover, let 
us consider the set of four operators c' ±k *, c±fc FTl -|-, c± kF , , and c±k FU i such that the creation 
operators act on the same initial ground state (Af, ATj.) transforming it in the ground states 
(A"| + 1, ATj_) and (A^, N^ + l), respectively, and the hole operators act on the corresponding 
latter states giving rise to the original ground state. Let us consider the reduced Hilbert 
subspace spanned by these three ground states, the Fermi-point discrete definitons (4) — (6), 
and the pseudo- Fermi points and pseudo-Brillouin-zone limits expressions (18) — (24). If we 
combine that with the electron and hole expressions introduced below, it is easy to show 
that the corresponding quasiparticle and quasihole operators £j. fe c±k Fh -\, cjyj. j, and 
c±k Fl ,i obey the usual anticommutation relations. 

Generalization of the results of Ref. |JT) leads to quasiparticle and quasihole operator 
expressions for all sectors. The two electrons and two holes refer to the same initial ground 
state. The pseudo-Fermi points and pseudohole- Fermi points of the expressions below refer 
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to that initial ground state. On the other hand, s pseudohole creation and annihilation 
operators at the limits of the pseudo-Brillouin zones refer to the final and initial ground 
states, respectively. In the case of the (I, I') sectors of Hamiltonian symmetry U(l) <S> U(l) 
we consider that the initial and final ground states belong the same sector of parameter 
space. In the case of the (/') sectors of Hamiltonian symmetry SU(2) ® U(l) [or (I) sectors 
of Hamiltonian symmetry U (1) <8> SU (2)] we consider that the initial and final ground states 
belong to sectors of parameter space characterized by the same value of (/') [or (/)]. We 
present below the electron and hole expressions found for different initial ground states in 
the nine sectors of parameter space. 

For initial ground states in the (—1, —1) sector of Hamiltonian symmetry U(l) <8> U(l) 
we find 

5 L FT ,T = V^c-^^k i 

" 1 q Fc ' c > 2 Is > s '~2 

for the electrons and 

for the holes. 

For the (—1,1) sector we find 

for the electrons and 

~ -F t t 

c±fc FT ,T — V c a J±) . _i a „(±) , i 

q Fc ,t "' 2 q Fs >*'2 

for the holes. 

In the (1, —1) sector the result is 

c ±k FV ] = V ? a \{±) i a l(±) _i 

q Fc ' L '2 q Fs 2 

for the electrons and 
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V^a.(±) 

C q Fc> 



iO-(±) 

' 2 q Fs 



I 5 



(41) 



C ±k Fl ,l 



(±) 



i°„(±) 



q Fc ' C ' 2 q F 



1 ) 
" 2 



(42) 



C ±kFi,l 



a_(±) 

q Fc> C > 



,(±) 



(43) 



c±k Fl ,i 



1 (±) 

iFc ■ 



(±).,.i 



(44) 



= a 



a (±) c i 



(45) 



c±k F ^ = c ,i%-(±), s ,_i , c±k Fld = « f w c ,^^) i!r : > (46) 

for the holes. 

The expressions for the (1,1) sector are 

^±fc FT ,T = a !(±) . iK Ta j±) „ i > ^±feFi,l = ^c Ta j±) r i a j±) , i > (47) 

y Fe > c '2 ys ' '2 > c '2 y Fs ' 4 >2 

for the electrons and 

c±fc FT ,T = <V±) c i K ±a „(±) s I > c±k Fl ,l = K ±a y±> c i<V±) s i > ( 48 ) 

<Jp c > c i 2 ys ' '2 > L '2 y Fs > A >2 

for the holes. 

According to Eqs. (41) — (48) the a quasiparticles and quasiholes are many-pseudohole 
objects which recombine the colors c and s (charge and spin in the limit m = n-j- — n± — > 
PU3HI) giving rise to spin projection | and J. and have Fermi surfaces at ±kp a . 

Similar expressions can be derived for the sectors of parameter space where the Hamilto- 
nian (1) has higher symmetry. We start by considering the sectors of Hamiltonian symmetry 
577(2) ® 17(1) where 

= = 4 +) = = tt[1 - i • (49) 

For ground states of the Z' = —1 sector of Hamiltonian symmetry S77(2) ® Z7(l) the electrons 
read 

c ±fc FT ,T = K Tq (±) i a j±) i > c ±fc Fi ,| = o (±) iK T %(±) jS _i , (5°) 

y Fc ,c -'2 y Fs '*> 2 y Fc ' L '2 ' 2 

and the holes read 

5±fcF T ,t = a !(±) r _iK T « (±) s _i, c ±fcp a = K T «j±) r _i a t(±),_l • ( 51 ) 

^Fc > L > 2 2 t/Fc > c ' 2 y Fs > s > 2 

For the Z' = 1 sector of Hamiltonian symmetry SU(2) £g> C7 (1) the electrons read 

5 ±fcF T ,t = a l(±) r i ^ Ta !(±) , I ' ^±k Fl ,i = v ^ a \±) r i a \±) , i > (52) 

<?Fc' c '2 9 s ' & '2 <?Fc ' c '2 

and the holes read 
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c±k FV ] = V?a\ ±) a\ ±) 1 , c ±fc a = V*a\ ±) a (±) i . (53) 

y> c : L > 2 y Fs >*>2 Vc > c ' 2 2 

In the sectors of Hamiltonian symmetry U(l) <g> SU(2) we have that 

# s ) = -^ ) =# ) = -^ ) =^-^-]. (54) 

In the case of the I = —1 sector of Hamiltonian symmetry U(1)<S> SU (2) the up-spin electron 
and hole read 

cL FTlT = V c ±a #><c,-A) s =1 ' 5 ±^t,T = V?a!, ±) _ L a\ ±) i , (55) 

^Fc ' ' 2 ys !*> 2 y Fc ' ' 2 " s ' '2 

and the down-spin electron and hole read 

c± kFl ,i = V?a ( ±) ,a} (±) , c± kFlA = V?a\ ±) a\ ±) . (56) 

c ' 1 2 ys 2 V c ) u i 2 ys ' ' 2 

For the I = 1 the sector of Hamiltonian symmetry U(l) ® SU(2) the up-spin electron 
and hole read 

4fc FT)T = K T « j±) c i«j±) s _ i , 5±fc FTlT = K^-W^ s i > ( 57 ) 

y Fc ' ' 2 ys ' ' 2 2 ys )*'2 

and the down-spin electron and hole read 

d ±k Fl ,i = V ? a [(±) r i a !(±) , i > c±k FU i = V±a {±) L a\ ±) . (58) 

q Fc ,C,2 9s ,S,2 y Fc ' L '2 <?s — 

Finally, for the 5*0(4) initial ground state both Eq. (49) and the following equation 

3i# = -?£ = # } = -?<-> = a\ - ^) , (59) 



hold true and we find for the electrons 

c ±fc FT ,T = V c a \{±) i°!(±) i > c ±fc F1 ,| = J±) i a J±) i > ( 60 ) 

y Fc > >2 y Fs ' ' 2 Vc ' >2 y Fs ' >2 

and for the holes 

5±fc FT , T = V?a\ ±) a\ ±) 1 , g ±fcFiii = V;V (±) a* . (61) 

^Fc > L ' 2 y Fs > s '2 y Fc > L ' 2 y Fs 2 

Equations (60) — (61) reveal that removing or adding electrons from the SO (4) ground 
state always involves creation of pseudoholes. Furthermore, while in the case of the (I, I') 
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sectors the initial and final ground states belong in general to the same sector, in the case 
of the 5*0(4) ground state each of the four possible transitions associated with adding one 
up-spin or one down-spin quasiparticle or quasihole leads to four ground states belonging to 
a different (1,1') sector. If the initial ground state belongs to the (/') SU(2) <g> U(l) sector 
[or to the (I) U(l) <g) SU(2) sector] then two of the final ground states belong to the (1,1') 
[or to the (/, 1)] sector and the remaining two ground states to the (—1, 1') [or to the (I, —1)] 
sector. 

Equations (32) and (33) tell us that the values of i] and i] z are fully determined by 
the number of c, j3 pseudoholes whereas the number of s, f3 pseudoholes determines the 
values of S and S z . In addition, note that the quasiparticle and quasihole operators (41) — 
(48), (51) — (53), (55) — (58), and (60) — (61) involve always a change in the number of 
c pseudoholes of one and a change in the number of s pseudoholes also of one. Moreover, 
when acting on the suitable ground state these operators change the values of rj and r\ z by 
±1/2 and ±sgn(r] z )l/2, respectively, and the values of S and S z by ±1/2 and ±sgn(S z )l/2, 
respectively. (The corresponding changes in the pseudohole numbers and in the values 
of rj, r] z , S, and S z are shown in Tables II and III.) The analysis of the changes in the 
pseudohole numbers could lead to the conclusion that the c, ±| pseudoholes have quantum 
numbers (r) = 1/2; S = 0; r] z = ±1/2; S z = 0) and that the s, =f| pseudoholes have quantum 
numbers (rj — 0; S — \j2;r\ z — 0; S z — ±1/2). If this was true the c and corresponding 
f3 pseudohole quantum numbers could be identified with 77 and rj z , respectively, and the 
s and corresponding (5 pseudohole quantum numbers could be identified with S and S z , 
respectively. However, this is not in general true. This holds true in the particular case of 
zero-momentum number operators. On the other hand, the above identities are also true for 
finite-momentum operators for c, ±| in the limit of zero chemical potential and for s, ±| in 
the limit of zero magnetic field, as we find below. 

In order to confirm that the above equivalences are not in general true for finite- 
momentum fluctuations we consider the a-pseudohole fluctuation operator 
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P«(k) = - P a l,a,P a q+kS*,P , (62) 



and the rj z - (charge) and S z - (spin) fluctuation operators 



PvA k ) = S 

k'a 



X A t 

2°k,o c k'+k,a C k',o- 



(63) 



and 



PS Z (k) = aC k'+k,a C k',a , (64) 
k',a 

respectively. From equations (32) and (33) we find 

Pc (0) = p v M = N a -N ] -N l , (65) 

and 

Ps(0) = psM=N ] -N l . (66) 

We then conclude that at zero momentum the above equivalences hold true. The electron 
numbers iVj and N± are good quantum numbers of the many-electron system. Since the 
exact Hamiltonian eigenstates are simple Slater determinants of a, /5-pseudohole levels, the 
numbers of a, (3 pseudoholes are thus required to be also good quantum numbers. They are 
such that Eqs. (65) and (66) are obeyed. 

On the other hand, the conservation of electron and pseudohole numbers does not require 
the finite-momentum c and s fluctuations being bare finite-momentum charge and spin 
fluctuations, respectively. By simplicity, we consider the smallest momentum values, k ± 
j^-. We emphasize that for k = ±|f-, acting the operator p a (k) onto a ground state of 
general form (17) generates a sinlge-pair a-pseudoparticle-pseudohole excitation where the 
a, P pseudohole at q — moves to q — q^ [see Eq. (18)]. If in c, ft the color c was 
eta spin and /3 = r\ z and in s, (3 the color s was spin and (3 = S z , we should have that 
p c (±jf-) = p r?z (±-^ L ) and p s (±j^-) = ps z (±jf), respectively. However, the results of Ref . 
show that this is not true for the sectors of Hamiltonian symmetry U(1)<S>U(1). Altough the 
pseudohole summations of Eqs. (32) and (33) give r], S, T] z , and S z this does not require each 
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c pseudohole having eta spin 1/2 and spin and each s pseudohole having eta spin and 
spin 1/2. Also, the fact that the quasiparticle or quasihole of Eqs. (41) — (48), (50) — (53), 
(55) - (58), and (60) - (61) has rj = 1/2; 5 = 1/2; rj z = sgn{rj z )l/2; S z = sgn(S z )l/2 does 
not tell how these values are destributed by the corresponding c pseudohole, s pseudohole, 
and topological momenton. 

The studies of Ref. @ reveal that for finite values of the chemical potential and magnetic 
field there is a c and s separation of the low-energy and small-momentum excitations but 
that the orthogonal modes c and s are not in general charge and spin, respectively [^]. On 
the other hand, in that reference it was found that in the limit of zero chemical potential the 
finite-momentum c fluctuations become real charge excitations and that in the limit of zero 
magnetic field the finite-momentum s fluctuations become real spin excitations. In the latter 
limit the c excitations are also real charge excitations and the c and s low-energy separation 
becomes the usual charge and spin separation 0,[|,|5]|| . In these limits c, (3 becomes rj,r] z 
and s, j3 becomes 5, —S z . 

It follows that in the case of the 5*0(4) canonical ensemble the set of pseudoholes involved 
in the description of the two electron and two hole operators (60) — (61), which are the c, +|; 
c, — |; s, +|; and s, — | pseudoholes at the pseudo-Fermi points, transform in the r\ = 1/2 
and 5 = 1/2 representation of the 5*0(4) group. Moreover, it can be shown from the changes 
in the BA quantum numbers and from the study of the pseudohole energies that the rj — 1/2 
and 5=1/2 elementary excitations studied in Ref. |12| are simple combinations of one of 



the ground-state - ground-state transitions generated by the operators (60) — (61) with 
a single pseudoparticle-pseudohole process relative to the final ground state. In addition, 
the usual half-filling holons and zero-magnetization spinons can be shown to be limiting 
cases of our pseudohole excitations. For instance, the (rj = 1/2; 5 = 0; r\ z = 1/2; S z = 0) 
anti holon and (77 = 1/2; 5 = 0; rj z = — 1/2; 5 2 = 0) holon excitations of Ref. JT2[ are 
at lowest energy generated from the 50(4) ground state by the operators V~ a) (±) x and 



V+a\ ±) 1( respectively. Also at lowest energy, the two (rj = 0; 5 = 1/2; r] z = 0; S z = 1/2) 

iFc > c >~2 



and (rj = 0; 5 = 1/2; t] z = 0; S z = —1/2) spinons fjl2j are generated from that ground state 
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by the operators a\ ±) 1 and a\ ±) 1 , respectively. The full spectrum of these excitations 
is obtained by adding to these generators a suitable single pseudoparticle-pseudohole-pair 
operator. The corresponding energy spectrum involves the pseudohole bands (A17) and 
(A18) and by use of the momentum expressions (29) — (31) and Hamiltonian expression 
(A15) recovers in the limit of zero chemical potential and magnetic field the expressions of 
Ref. [0. Therefore, our expressions (Bl) and (60) — (61) define the electron in terms of 
holons and spinons. Since only Hamiltonian eigenstates with integer values of rj z + S z are 
allowed, the holon - spinon pairs of Eqs. (60) — (61) cannot be separated. This also holds true 
in the general case, the electron being constituted by one c pseudohole, one s pseudohole, 
and one many-pseudohole topological momenton of large momentum, as confirmed by Eqs. 
(41) — (48), (50) — (53), and (55) — (58). Also in this case the fact that only Hamiltonian 
eigenstates with integer values of rj z + S z are allowed prevents these three excitations of 
being separated. 

As for the £0(4) ground state, we can relate the symmetry of the Hamiltonian (1) in 
a given canonical ensemble by looking at the pseudohole contents of the corresponding two 
electrons and two holes of Eqs. (41) — (48), (50) — (53), and (55) — (58). For instance, 
Eqs. (41) — (48) show that in the (I, I') sectors of Hamiltonian symmetry U(l) <E> U(l) the 
two electrons and two holes involve one pair of the same type of pseudoholes, namely the 
corresponding c, | and s, ~ pseudoholes. Each of these transforms in the representation of 
the group U(l) and, therefore, the set of two pseudoholes transforms in the representation 
of the group U(l) <g> U(l). 

In the case of the (I') sectors of Hamiltonian symmetry SU(2)®U(1) c is eta spin and the 
corresponding quantum number f3 is r\ z and Eqs. (50) — (53) confirm that the two electrons 
and holes involve either one c, | pseudohole or one c, — | pseudohole combined with one s, ~ 
pseudohole. The c, ~ and c, — | pseudoholes transform in the r] = 1/2 representation of the 
eta-spin SU (2) group, whereas the s, ^ pseudohole transforms in the representation of the 
U(l) group. Therefore, the set of c, |; c, —h and s, t pseudoholes transforms in the r] = 1/2 
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representation of the SU(2) <g> U(l) group. 

In the case of the (/) sectors of Hamiltonian symmetry U(l) <S> SU(2) s is spin and the 
corresponding quantum number (3 is (3 = S z and Eqs. (55) — (58) show that the two electrons 
and two holes are constituted by either one s, | or one s, — ^ pseudohole combined with one 
c, | pseudohole. The s, ~ and s, — ~ pseudoholes transform in the S = 1/2 representation 
of the spin SU (2) group and the c, | pseudohole transforms in the representation of the 
U(l) group. It follows that the set of the c, |; s, h and s, — \ pseudoholes transforms in the 
S = 1/2 representation of the U(l) ® SU{2) group. 



IV. CONCLUDING REMARKS 

In this paper we have introduced a pseudohole representation for the states I of the 
Hubbard chain in a magnetic field and chemical potential which is valid for all sectors 
of Hamiltonian symmetry. In the pseudohole picture all Hamiltonian eigenstates can be 
generated from a single pseudohole reference vacuum, the half-filling and zero-magnetic field 
ground state. This differs from the pseudoparticle description of Ref. []2D| which requires 
four different reference vacua. 

The introduction of the above pseudohole description has allowed the study of the in- 
terplay between Hamiltonian symmetry in each of the nine sectors of parameter space and 
the transformation laws of the set of pseudoholes which form the electrons and holes of 
vanishing excitation energy. This study has required the generalization of the (—1,-1)- 



sector results of Ref. |H| to all sectors of parameter space. For all the nine sectors we could 
express the Fermi-momentum ±kp a electrons and holes in terms of one pair of pseudoholes 
and one topological momenton. These three quantum objects are confined in the electron 
or hole and cannot be separated. We have considered the particular set of the up-spin elec- 
tron, down-spin electron, up-spin hole, and down-spin hole whose individual addition to an 
initial ground state leads to the four final ground states differing from it by one electron 
number. We found that the two, three, or four different types of a, (3 pseudoholes which are 
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contained (two in each electron or hole) in that set always transform in the representation 
of the symmetry group of the Hamiltonian in the sector of parameter space of the initial 
ground state. 

We have also shown that the usual half-filling holons and zero-magnetization spinons are 
limiting cases of our pseudohole and topological momenton excitations. Our operator study 
has allowed the identification of the holon and spinon generators as well as the exact holon 
and spinon contents of the SO (4) electrons and holes of vanishing excitation energy. 

Finally, we will consider elsewhere an extension of the present pseudohole basis which 
refers to the whole Hilbert space of the Hamiltonian (1). In addition to the a,/3 pseu- 



doholes, this requires the introduction of new branches of "heavy" pseudoparticles [pT|,35 



These heavy pseudoparticles are absent in the states I, the construction of the states II in- 
cluding their creation onto the pseudohole vacuum. Thus the universal pseudohole vacuum 
introduced in this paper and the associate pseudohole basis provide the correct and suitable 
starting point for the extension of our operator description to the whole Hilbert space. 

Although the a, [3 pseudoholes (or, equivalentely, the a pseudoparticles) associated with 
the states I are the transport carriers at low energy PB| , |2~i| | and couple to external potentials 
they refer to purely non-dissipative excitations, i.e. the Hamiltonian (1) commutes with 



the charge current operator in the Hilbert subspace spanned by the states I |24[] . Therefore, 
the pseudohole currents give rise only to the coherent part of the conductivity spectrum, 
i.e. to the Drude peak [p4}|. The finite-frequency part is associated with the above "heavy" 



pseudoparticles. For instance, we will show elsewhere [[H],[35|] that both the c, {3 pseudoholes 
and some of the heavy pseudoparticles couple to external vector potentials in such a way 
that in the full Hilbert space the Hamiltonian does not commute with the charge current 
operator. 
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APPENDIX A: THE PSEUDOHOLE BASIS AND THE BA SOLUTION 



In this Appendix we discuss the pseudohole and pseudoparticle descriptions and relate 
the pseudohole number operator N^(q) = a q a Qdq,a,p to the BA equations. We also present 
the Hamiltonian in the pseudohole basis and the associate disperson relations. 

In order to relate the present pseudoholes to the pseudoparticle description of Ref. |20 



we emphasize that the a (I, V) pseudoholes associated with the pseudoparticles introduced in 
that reference are such that c(Z, 1) = c(l, —1) and s(l, V) = s(— 1, I'). This is related to the 
fact that for states I with the same values of r\ and S the a(l, I') pseudomomentum-orbital 
numbers N*n m [and a(l,l') pseudoparticle numbers N a ^ t i^} shown in Table I of Ref. J20 



are for different (/, I') numbers equal. This refers to pairs of states I where one is a LWS 
and the other is the corresponding HWS of the same family of multiplets of eta-spin or spin 
algebras. In this way these numbers are I- and I'- independent [see Eq. (9)], ie do not depend 
on the signs of r\ z and S z but only on the corresponding values of r] and S. Therefore, we can 
refer them simply by N* and N a . Their general rj- and S"-dependent expressions are given 
in Eqs. (10) and (11). This does not affect the conclusions and results of Ref. |2(J which 



remain fully correct. The only consequence is the simplifying reduction of the problem to 
four pseudohole branches which we denote in general by a, (3 pseudoholes. The colors c and 
s and quantum numbers /3 = ±| which label the four pseudohole branches also label the 
Hamiltonian eigenstates I, as discussed in Sec. II. Following that section, the description 
of the non-LWS's and (or) non-HWS's multiplets generated from the states I |32| reveals 
that the pseudoparticles associated with the a, (3 pseudoholes should simply be denoted as a 
pseudoparticles and not as a, (3 pseudoparticles. Therefore, the a pseudoparticle operators 
obey the following anticommuting algebra which does not include the pseudohole quantum 
number f3: 

{ b l,a, b q',a>} = <W<W , (Al) 

and 
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{C fe L'} = { fe ^>V,a'} = 0. (A2) 

Moreover, note that in the present case of the states I and (I, I') sectors of parameter 
space the following selection rule is valid: out of the four a,/3 pseudohole branches only 
the two branches c, ~ and s, ~ contribute to the generators of Eq. (17). (The states I are 
constructed by acting these generators onto the pseudohole vacuum.) Since in this case 
there is in the a orbital single occupancy by one of the two (3 pseudohole branches only, one 
could denote the associate a pseudoparticles by a, (3 pseudoparticles, with the fixed (3 value 
| or ^ for c or s, respectively. (These a, j3 pseudoparticles are the holes of the corresponding 
a,/3 pseudoholes - however, when there is in the same a orbital occupation of both a, ~ 
and a, — \ pseudoholes that notation is not allowed and their holes are to be denoted by a 
pseudoparticles.) This together with the fact that our pseudoholes are related to the a{l, V) 
pseudoholes of Ref. || as c,/3 = c(2/3, 1) = c(20, -1) and s,0 = s(l,2/3) = s(-l,2/3) 
justifies the pseudoparticle notation of Ref. |20| which refers to states I only. 

Let us denote by Tij the Hilbert subspace spanned by the Hamiltonian eigenstates I. 
The above selection rule for Tij and (/, /') sectors simplifies the (3 summations which have 
only contributions from the | (for a = c) and | (for a = s) f3 values. For instance, the 
Hamiltonian expression involves in "Hx the pseudomomentum distribution operator 

N h M = E KM = E «U?<w • (A3) 

p p 

It has the same information as the corresponding pseudoparticle operator 

N a (q) = 1 - N h a {q) = blj q , a . (A4) 
The TCj and (/, Z')-sector selection rule allows Eq. (A3) to be simplified to 

N h M = N h c i{q) = o} qcL a, ; JV?(g) = N^,(q) =a\ ,a t . (A5) 

Equations (10), (11), and (16) can be shown to refer to a larger Hilbert space than Hi, 
which is spanned both by the states I and all their associate non-LWS's and non-HWS's. In 
the present case of Hj these equations can be replaced by 
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N* c =N a , N: = -[ Na -2(\ Vz \-\S z \)}, (A6) 



N c = N a - 2\ Vz \ , N s = ^[N a - 2(\ Vz \ + \S Z \)} , (A7) 



and 

N^ = 2\ Vz \, N? = 2\S Z \, (A8) 

respectively. The operator N% can be written in terms of the pseudohole number operator 
N^{q) as follows 

N^ = N:-N a = J2^(q). (A9) 
q 

The pseudohole basis of the (I, I') sectors is constructed from the BA solution presisely 
as in Ref. |27[] for the particular case of the (—1, —1) sector. Two differences are that (i) the 
(—1, —1) numbers N* and N a of Eqs. (10) of Ref. p7| are here to be replaced by the general 



expressions (A6) and (A7); and (ii) we use here pseudoholes instead of pseudoparticles. 

The operators (A3) commute with each other, i.e. [N%(q), N^,(q')} = 0. As in the 
(—1, —1) case f27fl , in the pseudohole basis the (I, /')-sector Hamiltonian expression involves 
the operator (A3) [or (A4)]. Furthermore, the Hamiltonian commutes in Tij with that 
operator. This plays a central role in this Hilbert subspace because all the Hamiltonian 
eigenstates which are LWS's I or HWS's I are also eigenstates of N^{q). Lets us denote such 
states I by \r] z ,S^), where t] z and S z are the eigenvalues which characterize the canonical 
ensemble. As for the LWS's of the (—1, —1) sector, these LWS's I or (and) HWS's I obey 
eigenvalue equations of the form 

N^(q)\ Vz ,S z ) = N^q)\r ]z ,S z ), (A10) 

where N^(q) represents the eigenvalue of the operator (A3), which is given by 1 and for 
pseudohole occupied and empty values of q, respectively. The Hamiltonian reads 

H = - £[1 - N^q)]2tcos[k(q)} + [2/i - U]fj g + 2^HS Z , (All) 
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where the expressions of the diagonal generators are given in Eq. (33). This is the exact 
expression of the Hamiltonian (1) in Tij. At energy scales smaller than the gaps for the 
non-LWS's and non-HWS's multiplets, LWS's II and HWS's II, Eq. (All) gives the exact 
expression of that Hamiltonian in the full Hilbert space. 

Despite its simple appearance, the Hamiltonian (All) describes a many-pseudohole prob- 
lem. The reason is that the expression of the rapidity operator K(q) in terms of the operator 
N^(q) contains many-pseudohole interacting terms. As for the (—1,-1) sector, in all the 
(I, I') sectors the operator K(q) and associate rapidity operator S(q) obey the following two 
equations which are valid for any Hamiltonian eigenstate I 

TO - J-Et 1 -N^(q')} t^ 1 (S(q') - (At/U) sm[K(q)})}\ Vzj S z ) = q\ Vz) S z ) (A12) 

a gi 

and 

J-Et 1 " N h c {q')} tan- 1 (S(g) - (At/U) sm[K(q')}) 

a gi 

- Et 1 - ^(q')] tan- 1 ^ (S(q) - S(q')))]\ Vz , S z ) = q\ Vz , S z ) . (A13) 

These equations fully define the rapidity operators in terms of the pseudomomentum distri- 
bution operator (A3). We note that the limits of the pseudo-Brillouin zones of Eqs. (A12) 
and (A13) pseudomomentum summations are given in Eqs. (22) — (24). These limits involve 
the numbers N* whose general expressions for the four (/, /') sectors are given by Eqs. (10) 
and (A6). Otherwise the general Eqs. (A12) and (A13) have the same form as Eqs. (31) 
and (32) of Ref. [0 for the (-1, -1) sector. 

The normal-ordered Hamiltonian relatively to the suitable ground state of form (17) 
reads 

oo 

:#:=^#«, (A14) 

i=l 

where to second pseudohole scattering order 

H {1) = -£ «£(?) : N h a {q) : +[2/i - U) £ : N^(q) : +2^H £ : N^(q) : ; 

q,at q,@ (3 

H i2) = ^EE \f«a>M) ■■ N h M) N h M) : • (A15) 
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Note that : N%(q) := J2p '■ N^Aq) :. In the present case of states I and (1,1') sectors of 
parameter space the (3 selection rule has allowed us to write Eq. (A5) and also 

E/5 : KM ■=\-^l-\ E/5 : KM ■= I ■ ■ ■ (A16) 

fl Z 13 Z -2 

Equation (A15) includes the Hamiltonian terms which are relevant at low energy 
0J2||23J28|]. Furthermore, it is shown in Ref. |28| [for the (-1,-1) sector] that at low 



energy and small momentum the only relevant term is the non-interacting term H^. This 
property justifies to the Landau-liquid character of the Hamiltonian (1) and plays a key role 
in the symmetries of the critical point. 
The expressions of the bands are 

rQ {+) 

e° c (q) = -2t cos K {0) (q) + 2t J ^ dk$ cc (k, K {0 \q)) sin k , (A17) 



and 



e° s (q) = 2t / _ dk<S> cs (k, S {0) (q)) sin k , (A18) 
respectively. Here 

= (A19) 

K^\q) and S^(q) are the solutions of Eqs. (A12) and (A13) for the particular case of the 
suitable ground state (17), and the phase shifts & aa i are given by 

? /, ,/n s / sin k sin k! \ ~ - {sink A .. 

$ cc (k, k') = $ cc , ; ®cs{k, v') = $ cs , v' , A20 

\ u u ) \ u J 

$ sc (v, k') = $ sc (v, ^-M ; $ ss (v, v') = $ ss (v, v') , (A21) 
where the phase shifts Q aa ' are defined by the following integral equations 



$ cc (x, x ) = - / dy —— ^ , A22 

7T J^— - 1 + [X — t/ l Z 



$ cs (x,y') = --tan- 1 (x-yO + - L") (A23) 
7r it JSL2. l + (x — y"r 
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»(+) 



<£> sc (y,x') = — tan \y-x') + 

7T 



s(-) 



dy"G(y,y")$ ac (y",x') 



(A24) 



?(+) 



<T, , 1 txnr 1 ( V ~ V ') - — , , tan \x"-y') 

<P ss (y,y) -^tan ( 2 ) n2 J s _^ dx l + (y _ x „ )2 

s(+) 



(A25) 



Here 



jB (±)/ M = 1 s(°)(# s ) ) 



(A26) 



and the kernel G(y,y') reads [24 



1 



1 + ((y - y')/2f 



2 V y-y 



where 



*(v) 



7T 



_i, sinQW sing(-). 
tan (y H ) — tan [y + 



u 



u 



and 



Kv) = - 



71 



ln(l + (y + 



Sing(+) ^)-ln(l + (,+ Sin - 2 



u 



u 



(A27) 



(A28) 



(A29) 



The "Landau" / function, f aa '{q,q'), has universal form in terms of the two-pseudohole 
phase shifts $ aQ / (q, q') defined below and reads 



faa'(q, q) = 2irv a (q)§ aa <(q, q) + 2-Kv a i{q')§ a i a {q l , q) 

+ X] 2nV a"^ a "aUQFa",q)^a"a'(jqFa",q') ■ 

i=±l a"=c,s 



(A30) 



The two-pseudohole phase shifts can be defined in terms of the phase shifts $ Qa / as follows 

^ , ,, - fsinK^{q) sinir(°)(g')\ , ao1 , 
$ cc (g, g') = $ cc ^, ^ , (A31) 



u I 



V U 



(A32) 
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$ sc (g, 90 = (s (0) (?), Sin ^° )(g/) ) , (A33) 



^ ss (q,q') = ^ ss (S^(q),S^(q')) . (A34) 

Finally, the pseudohole group velocity appearing in the / function expression (A30) is given 
by 

= (A35, 

In particular, the velocity 

v a = v a (q Fa ), (A36) 

plays a determining role at the critical point, representing the "light" velocities which appear 
in the conformal-invariant expressions 0,0]. 

We emphasize that the phase shifts expressions are the same as for the (—1,-1) sector 
(see Ref. J24|), except that the present limits of pseudo-Brillouin zones and pseudo- Fermi 
points involve in the present general case the numbers (10)-(A6) and (11)-(A7), respectively 
[see Eqs. (18) - (24)]. 

Note that although the expressions for the bands (34) and (35), rapidity (36), / function 
(38), velocity (39), phase shifts (A18)-(A27) and (A39)-(A42) of Ref. are absolutly 
correct they are /- and /'-independent: these expressions can be shown to depend only on 77 
and S and not on the signs of T] z and S z which for the states I determine the values of the 
numbers / and /' [see Eq. (9)]. Therefore, the corresponding pseudohole quantities presented 
in this Appendix have a simpler form than those of Ref. [^ . 
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APPENDIX B: ELECTRON QUASIPARTICLE TRANSFORMATION 



In this Appendix we follow the (—1,-1)- sector study of Ref. [3T| and present a short 



discussion of the electron - quasiparticle transformation which relates the electron operator 
c* k a to the quasiparticle operator a in the limit of vanishing excitation energy. The 
latter operator is defined by Eq. (34). To leading order in that energy there is a singular 



transformation between these two operators which as for the (—1, —1) sector |31| reads 



where the one-electron renormalization factor is given by Z a = lim^o Z a {uS) and Z a (uj) 
is the small-a; leading-order term of |£ CT ||1 — g__gg^^fcjw^ g ere Yl a (k,uj) is the a self 
energy. We emphasize that Eq. (Bl) does not apply to the case when the starting state is 
the 5*0(4) or a SU (2) <g)U(l) half-filling ground state. In this case a similar expression holds 



true where to is replaced by to — A c . Here A c is the half-filling Mott-Hubbard gap [11.22]. In 



Ref. [|3TJ it was found that in the Hilbert subspace spanned by the states I that self energy 
is given by 

ReK(k F<7 , u>) = u>[l- 1 - ] , (B2) 

c i* 2^j=l,2.3,... c j 

where cj with j = 0,1,2,... are constants and q a is a non-classical interaction dependent 
exponent such that — 1 < <j CT < —1/2. It follows that the function Z a {ui) is of the form 

Z a (u) = c^ 1+fe , (B3) 

and vanishes in the limit of ui — > 0. Thus, Z a = 0. Although expression (Bl) is very similar 
to the corresponding expression for a Fermi liquid, in the present one-dimensional many- 
electron problem there is no overlap between the quasiparticle and the electron, in contrast 
to a Fermi liquid. 

The singular electron - quasiparticle transformation (Bl) maps a non-perturbative elec- 
tronic quantum problem in a perturbative quasiparticle problem, the factor -?== being ab- 
sorbed by that transformation. It maps a vanishing-spectral-weight electronic problem onto 
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a finite-spectral-weight quasiparticle problem. Following Eq. (34), the quasiparticle operator 
c±k F a i s the generator which transforms the ground state |0; N a , N^ a ) onto |0; N a + 1, N_ a ). 
Apart from the factor -4= absorbed by the transformation it is a a electron of momentum 
±k Fa . Therefore, in Sec. Ill we refer often the quasiparticle by electron. 

Similar results hold for the hole and corresponding quasihole which are related by the 
singular transformation 

C±k Fa ,a = -y=c±k FcT ,a , (B4) 
v No- 
where Z a is the same as in Eq. (Bl). As for the quasiparticle and the electron, in Sec. 
Ill we refer often the quasihole by hole. In that section we evaluate the quasiparticle and 
quasihole expressions in terms of pseudoholes and topological momentons for all nine sectors 
of parameter space. 
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TABLES 





(-1,-1) 


(-1,1) 


(1,-1) 


(1,1) 


(A)P 


±2A; F 


±2A; F 


±[2vr - 2A; F ] 


±[2tt - 2k F 


(B)P 








±kF-\ 


(C)P 


±/c n 




±k Fl 


±k F i 


(D)P 















TABLE I - Values of the ground-state momentum in the four (I, I') sectors of Hamiltonian 
symmetry U(1)<S>U(1). The different momentum values correspond to the following parities 
of the numbers N* and N s of Eqs. (10) and (11), respectively: (A) even, even; (B) even, 
odd; (C) odd, even; and (D) odd, odd. In the case of the (1, ±1) sectors, if kp a > n then 
±/cf ct should be replaced by the first-Brillouin-zone momenta ±[2n — kpa\- 





(-1,-1) 


(-1,1) 


(1,-1) 


(1,1) 


AN]} 


Tl 


±1 


±1 


±1 


AN C 


±1 


±1 


±1 


±1 


AN* 














AN* 


±1 


±1 


±1 


±1 


AN S 





±1 


±1 





AN* 


±1 








±1 


Ar] 


Tl/2 


±1/2 


±1/2 


±1/2 


Ar] z 


±1/2 


±1/2 


±1/2 


±1/2 


AS 


±1/2 


±1/2 


±1/2 


±1/2 


AS Z 


±1/2 


±1/2 


±1/2 


±1/2 



TABLE II - Changes in the numbers of pseudoholes, pseudoparticles, pseudoparticle 
orbitals and of the values of 77, i] z , S, and S z in the ground-state - ground-state transition 
(iV^-^il,^). 
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(-1,-1) 


(-1,1) 


(1,-1) 


(1,1) 


AiV* 


±1 


±1 


±1 


±1 


AN C 


±1 


±1 


±1 


±1 


AN* 














AN^ 


±1 


±1 


±1 


±1 


AN S 


±1 








±1 


AN* 





±1 


±1 





An 


Tl /2 


zrl /9 


±1/2 


±1/2 




±1/2 


±1/2 


±1/2 


±1/2 


AS 


±1/2 


±1/2 


±1/2 


±1/2 


AS Z 


±1/2 


±1/2 


±1/2 


±1/2 



TABLE III - Changes in the numbers of pseudoholes, pseudoparticles, pseudoparticle 
orbitals and in the values of 77, r] z , S, and S z in the ground-state - ground-state transition 
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